- AD737¢33

4 TWO MEAN VALUES WHICH CHARACTERIZE THL POJISSON PROCESS

D by

PETER JAGERS

TECHNICAL REPORT NO. 183
J November 5, 1971

l' PREPARED UNDER CONTRACT N00014-67-A-0112-0053
. (NR-042-267)

4 OFFIFE OF NAVAL RESEARCH

j Herbert Solomon, Project Director

,

Reproduction in Whole or in Part is Permitted for
any Purpose of the United States Government

. DEPARTMENT OF STATLISTICS
STANFORD- UNIVERSITY
STANFORD, CALIFORNIA

Also issued as Technical Report No. 49
National Sciences Foundation Grant G2-24918




UNQMSSIFIED .
Security Classification
] B * DOCUMENT CONTROL DATA - R&D ]
(Security slaseitivation of title, body of ab and indoring Nesi mwet be ontersd when $e ovaself fepori ie elasaliled
1. ORIGINATIN G ACTIVITY (Corpocats authog) 24 ATPONT SECURITY € LASHIFICATION
DEPARTMENT OF STATISTICS .
STANFORD UNIVERSITY CALIFORNIA 26. enCUP

3. REPORY TITLE

TWO MEAN VALUES WHICH CHARACTERIZE THE POISSON PRQCESS

JESETCSNEINE. M ST LIV, PN TSN

k 4. DESCRIPTIVE NOTES (Type ¢ report qnc incivalve deten)
TECHNICAL REPORT

 —

S. AUTROR(S) (L-ast name, fires necw, initiel)

JAGERS , Peter

November 5, 1971

6. REPORT DAY(C 76. TSTAL NO, OF PAGES
7

75, NDQ. OF BEFS

Sa. CONTRACT OR GRANT MO,
N0O0014-67-A-0,12-0053

& PROJKCT NO.

NR-042-267

#8. ORICINATON'S REPOAT NUMBEAT)

No. 183

'S

2. gnul n,-onv NOrS) (Any other munbete tiet may bo sesigned

No. 29 WSF24918

10. AVAILADILITY/LIMITATION NOT/CES

Distribution of this document is unlimited

V1. SUPPLEMENTARY NOTES

T B 81 A L AL AL 8 = i <P
(]

12. SPONSORING MILITARY ACYIVITY

Logistics & Mathematical Sciences Brauc':
Office of Naval Research

———————
13. ABSTRACY,

!

Arlington, Virginia

It is chown that the expected age at time + > 0O angd the
expected residual 1life at % both single out Poisson
Processes among renewal processes on the positive line.

e s cw o e

e

DD .2, 1473

UNCLASSIFIED

Security Classification




W T

URCLASSIFIED
Secusity ification

te

KXEY WORDS

LINK A ke ] Linke
oL [ nOLE wY AOLE wy

Poisson process

renewel process

INSTRUCTIONS

L ORICINATING ACTIVITY: Enter the sane dad address
of the comtractor, wubcontractor, grantes, Department of Do
fense activity or other orgsnisstion (corporate suthor) issuing
the report.
2; REPORT SECURITY CLASSIFICATION: Eater the over
all security classification of the report. Indicete whether
“Restrictad Du-" is lncludod. Mu is to be ia sccord
sace with epprop y rog!

25. QROUP: Automaiic downgrading is specifisd in DoD Di-
rective $200, 10 and Armed Forces Industrisl Menual. Enter
the group number. Also, whan applicable, show that optioas)
markings have been vaed for Geoup 3 and Group 4 a8 suthor-
ized.

3. REPORT TITLE: Enter the complete repost title in all
capital letters. Titles in all cases should be unclassified
Uea ingful title t be selected without classifice
tlon, show title classification in all capitals in parenthesis
immediately following the title.

4. DESCRIPTIVE NOTES& If sppropriste, onter the type of
repory, e.g., laterim, progy Y. or fiaal.
Give the inclusive dates when o pecific rep g period ie
covered.

S. AUTHOR(SY Enter the name(s) of suthor(s) as shown on
or in the report. Enter 1ast name, first nams, middie initisl
if wititary, show rank end branch of nrvlco. ‘nn neme of
the principal author is sn )| requl

6. REPORT DATE: Enter the dste of the report as day,
month, yesr; or month, yesr If more thas ous dste eppears
on the repott, use date of publication.

7s. TOTAL NU\(BER or PAGB. The tozel pege cound
houid follow ion procedures, Lo, enter the
number of pages conulnln. informat.on

7b. NUMBER OF REFERENCESR Enter the total sumber of
references cited in the report.

8s. CONTRACT OR GRANT NUMBER: If eppropriste, entesr
the eppliceble mumbter of the contract or gramt under which
the report was written

8, &c, & 8d. PROJECT NUMBER: Enter the appropriste
wilitery department ideatificetion, nch 28 psoject number,
subproject sumber, system sumbers, task sumber, otc

9¢. ORIGINATOR'S REPORT NUIGIR(!)! Eater the offi-
clal report number by which the document will be identified
snd comtrolled by the origineting activity, This sumbes must
be vaiqus to this report.

9b. OTHER REPORT NUMBER(S): I the reperi heo boen
assigaed any other report sumbers ( elther by the eriginaser
or by the sponsor), also enter this number(s)

10, AVAILABILITY/LIMITATION NOTICER Enter any lar

mm-lmuwmamotummmw

hpond by secwrity duilﬁccthq. using stanjand ststements

(l) "Mm.d gsg'-'tm may obtsin coples i this .

(¢ ) “Ind announcement and a-u-luuu of this
seport by DDC is mut aw

9 "“Uu.8G

» this report directly from nnc. &m qunlm nnc
users shall request through

(L]
.

(®) **U. 8 military agenci tal of this
report directly from DRC Ounvquullduuu
shall request through

(S) **All distribution of this report is contro'ted Qual-
ifisd DDC uners shall request through

R

I tho report has been furnished to the Office of Techalcal
of C ce, for sale to the public, iadl.
cate thu tu:t and enter the price, if known
1L SUPPLEMENTARY NOTES: Use for sdditionsl explans
tory aotes.
12, BPONSORING MILITARY ACTIVITY: Emer the name of
the departmentsl mjoct office or lsboratory sponeoring (par
ing lor) the develop
1. ABETRACT: Inhr an abstract giving ¢ brief snd factval
of the & indicetive of the report, even though
it mey slso appeat sisewhere in the body of the techalcal re- r

port. I sdditionsa! space is required, a continustion shest shall
be attached. ¥ ¢

It is highly desl ble that du b ct of classifed
be uncisssilied. Bach p h of the sbetract shall end with A
e indication of the military security classification of the ia- '
formaticn 1n the peragraph, represented as (T8). (5). (C). or (U).

‘There a no limitation on the length of the sbetract. How- i
over, the suggested length is from 150 to 228 words. :

14. KEY 'ORDI lcy worde are technically mesaingful terms
or short ize & report and may be uaed as
Indn ontries for e-ulo.lng the re Koy words must be .
selacted so that no security class ﬂoauo- is requived. ldesti- {
flers, such as squipment mode! designation, trade name, militery i
roject code name, geographic jocation, may be used as key
words but will Le followed by aa indicetion of techalca! coa-
test. The oulp.ut of iinks, rales, and woights s eptisaal.

DD .°2*. 1473 (BACK)

Unclassified
Security Classification




.o

zw

e

EA

e

TWO MFAN VALUES WHICH CHARACTERIZE THE POISSON PROCESS

by

Peter Jagers

The literature abounds with charscterizations of Poisson processes

among renewal processes. Here are twa, hopefully, new ones. A sug-

gestion of Kai Iai Chung made me think of them.

Iet F be a probability measure on (0,w), X, n=12,...
a sequence of independent random variables with the distribution F,
S =0,S =8 + Xn, n=1,2,... the corresponding partial sums,

n n-1

N, = sup{n; Sn <t}, t>0,

the induced renewal process. Consider the “age at t",

5(t)=t-S
Nt
and the "residual life at t"
8*(t) = §; ., -t , t20.
t
if {Nt] is Poisson, that is F(x) = l-e-xx, x> 0, for some !

A > O, then, as is well known,

(1) s*(t) has distribution F for all t;

(2) for all t 8(t) is distributed according to F.,
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Chung proved in [1] that either one of (1) or (2) for arbitrary

F implies that the process is Poisson. Actually, his results ure

somewhat stranger, for example, &%*(t) must only have the distri-

bution F for a sequence of t:s tending to infinity, or for all +t

in some initial segment O < t E.to’ t°‘> 0. We shall prove the
following:
(1) If El*(t)] < =, t > 0, is independent of t, then
is Poisson.
(i11) 1If
[+-]
F[S(t)] = f XFt(dX) » t>0,
o)

then {Nt} is Poisson.

Proof of (3].

>}
P(e*(t) > x} = X Ple*(t)>x, 5 <t<s ;)=
n=o
= ) P(S ,,>t+x, § <t}=
n=o
© t n
=) f PX ,>t+x-u | S, = u)F¥ (du) =
n=o5 n=9
t
=f [1-PF{t+ x -u)lv(du) ,
o

where F*" is the nth convolution power of F and
-]
V:ZF*n.
n=9

Integration yields the expected value

(N

)
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A*(t) = E[8*(t)] = me{s*(t) > x}dx =

t
= [ {f
o

t-u

0

[1-F(x)]dx}V(du)

after a change in the order of integration. Since A*(t) is finite

by assumption,

K

[ xP(dx) < o .
0

And if we denote the lLaplace-Stieltjes transform by " )

f(s) = f e-Stf(dt) ,
)

it follows that

A*(s) = (u - [1-F(s)1s™1IV(s) =

= [us-l+§(s)]/ s[1-F(s)] , s>o0.

Now if A* 1is constant, say A*(t) = e, t > 0 then A*(s) = c

for all s and we obtain
F(s)

Since ﬁ(m) =F(0) =0, ¢
F(x) = 1 - e /n

[(c-p)s+1] /(l+cs) .

u and F(s) = (1+us)-l , that is




Proof of (ii).

P(t)>x) = [ P(S < t-x, S, >t}=
n=90

t-x~
=5 f P(S ., >t lsn = )P (du) =
n=9 O
-X-

t
=f [1-F(t-u)lv(du) .
0

Therefore

alt) = Els(t)] = fm P{s(t) > x)}dx =

o]
t X=
= [ (] [1-F(t-u)]v(au))dx =
o o
te  t
= [ ([ [1-F(t u)lax)v(du) =
) "
t-
= [ [1-F(t-u))(t-u)V(au) =
0
t
= [ [1-F(t-u)](t-u)v(du) .
o]

And the transform is

A(s) = G(s)s fw e'St[l-F(t)]tdt =
o]

-G(s)s é% {[l-f(s)]s-l} =

[sg'(s) + 1 - ﬁ(s /sl - ﬁ(s)] .




But under (ii)

© t
a(t) = [ xF (ax) = [ xF(ax) + t[1-F(t)])
0 o]
yielding
A(s) = -F'(s) + [sF'(s) + 1 - P(s))s™t .

Equating the two expressions, we see that terms cancel beautifully and
sﬁ'(s) = fe(s) - f(s)
with the obvious initial condition
FO) = 1 .
This is a Ricecati equation with the unique solution
F(s) = (1 + us) ™+

where

L= -F'(0) = [ xF(dx) < w .
0

Hence,
F(x) =1 - e-x/Ll .
A simple consequence might be worthwhile noting. Given that
Nt =n, t >0, n>1, the random variables xl’x2""’xn-l’ that is
the spans between renewal points in [O,t], have the same distribution.
And the last subinterval t-Sn has this same conditional law, for a

sequence o. t:s tending to infinity, if and only if the process

is Poisson ([1].
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We get an expectation analogue of this result directly: If, for

t>0,n>1,
E(t-8 |N,=n] = E[X, [N =n] ,

then

(-]

m(t) = [ Els(t)|N, = n]P(N, =n} =
n=9o

tP{Nt = 0} + § .E[t-snlnt = n]P(Nt = n} =
n=1

= t[1-F(t)] + E[Xll(Né>o]] =
t o

= t[1-F(t)) + [ xF(dx) = [ th(dx) .
o o]

And so, by (ii) it follows that (N is Poisson.

)
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